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CHAPTER 1

MULTIPLICATION AND DIVISION OF ALGEBRAJC EXPRESSIONS

Multiplication

In algebra we usually omit the multiplication sign, so that, for example

-2 xa is written as 2a
and x x yis simplified to xy

If a string of numbers and letters are multiplied, the multiplication can be done

in any order; for example;
' 2px3g=2xpx3Ixq
=2x3xpxq

=6pq
You should now attempt questions I to 6 of exercise 1 on page 4.

Indices can be used to simplify expresstons such as x x x
eg (a3 xxx=x°
() x*xx=x’

The resulting expressions are called powers of x.
When multiplying powers of the same number or letter, the indices can be added.

eg (a) ¥ xy=x'xx
=x
(b)) *xx’=x’

'Note that 2x* means only the x is squared, i.e. 2x x*, whereas (2x)” means that 2x is

squared, i.e. 2xx2x=4x’.

Examples

2

Simplify: (a) 4x’ x5x° (b) 3x7y x4x’y (c) (szy)

(a) 4x’ x5x? =4 x5xx’ xx*
' =20x"

(b) 3x*)* xdx'y=3xdxx’xx*xy*xy
=12x%y?
(c) (szy)z =5x"yxSx’y
=5x5xx?xx'xyxy
=25x" x y*
You should now attempt questions 7 to 15 of exercise 1 on page 4.
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Division

The result of a division can be expressed as a fraction, for example
9+16= 2
. 16

and x+y:£

Consider the expression 0 x16 . Instead of working out 9x16 and then di\;iding by 4,

we can divide one of the terms in the numerator by 4 before multiplying:

2x16 9><149 = 9x4 = 36

Similarly i—x = E><x = 2xx = 2x
and 12;1: = laxsy = Daxl = I

. 3x T . . e
The expression — cannot be simplified. However, it can be put into an alternative form:

3x 3

Similar]y, . T = gJQJ

You should now attempt questions: 161623 on page 4 '

The value of the fraction is unchanged if the numerator and denominator are divided by the

same quantity, for example

g8  8+2 i
: 6 6+2 3
and . 8x 8x+2 8/2) x x _ o 4x
6y 6y+2 (6/2) x y 3y
The process of dividing the numerator and denominator can be simplified by cancelling:
B x4
6y K2 3y

Cancelling can be carried out more than once, for example
opg _ 8'pg _ 3xlxq - 3q

6p by 2x1 2
This is equivalent to dividing the numerator and denominator by 3 and then by p, which is
the same as dividing by 3p.

You should only cancel if the numerator and denominator consist of products.



EXERCISE 1

Simplify:
(1) 2 x6x 2) Tyx3
3) 3pxdq ) Tax%9 i
(5) 2x x3yz : {(6) 3px4qxSr ol
(7 3ax2a _ S (8) 4b7 X3’ ;
(9)  3xyx4xz (10)  2x*yxSx’y’ I
a1 (4a)’ az) - (3ab)
13)  (4pg) x(3p) 14 ()
(5 (24%%) |
Now turn fo page 2.
Simplify:
(16) 8x+4 | (17)  6xy+3
(18) 4x’y+y (19)  Sabc® +c?
Express in an alternative form:
2y  3ab
20) | = 21y —
(20) 3 (21) 2
6 Co 2
22y — ' 23) Zab’
(22) —o ( ‘ ) 3¢
Now refurn fo page 2. }
Simplify: ‘
(24) 8x+12 . (28) 6+9y
(26) 10a+15b 27) 12pg+16p
(28) 18x’y+3xy ' (29)  20ab’ +25ab*
(30)  14a°b* <21ab’ (31) 16a’b’c+20ab’c’
32y (Pq) +pq’ '

Now start chapter 2 on page 5.



Do not be tempted to cancel in expressions such as :

4x +9y
2x+3y
Examples ' |
' : [
Simplify (a) 3p'g+6pg’ (b) 6p°q’c+9pigic? g
Solutions: (a)
3 2
3p’g+6pg” = 2L
6pq
_ '3 xpxpx'y
26 x'p x'q xq
_ Ixlxpx]
C2x1Ixlxqg ‘
- £
2q
(b)
, 6p’q’c
6p'g’c+9p'g’c’ = 9p'qic?

6xp x'p x'g x'g xqg x
0 x'p x'p x pxpxlg xg x'¢xc
2xq '
Ixpxpxc
2q
3p’c

You should now attempt questions 24 to 32 of exercise I on page 4.



CHAPTER 2

ADDITION AND SUBTRACTION OF ALGEBRAIC TERMS

The terms in an expression are the parts which are separated by plus or minus signs. |
- For example, in the expression 4xy —5x +x?, the terms are: 4xy, Sxand x°, |

Like terms are multiples of the same algebraic quantity. ' |
e.g 7x,5x and -3x are three like terms; 4p*q and —2p’g are two like terms.
Note that 4a1.5 and —3ba are like terms as ab is- the same as ba.

Like terms can be added or subtracted.

eg (i) 2ab+5ab=(2+5)ab
=Tab

(i) 9x7y-2xy+3x*y=(9-2+3)x’y
=10x%y

Unlike terms are multiples of different algebraic quantities; they cannot be replaced by
a single term.

e.g. (i) As 2pg and 3pr are unlike terms, 2pg-+3pr cannot be replaced by a single term.

(i) As 3x* and 4x are unlike terms, 3x° - 4x cannot be simplified.

Examgles.

O X2 4+6x+5¢"-2x-4 = x'+5¢ +6x-2x-4
= 6x’ +4x-4

(i)  4a°b+6ab® —3ba* +2b%a = 4a’b+6ab® -3a’b+2ab’
= 4a’bh-3a’b+6ab’ +2ab’
= q2b+8abz

You should now attempt questions I to 6 of exeycise 2 on page 8.



Directed Numbers

When combining like terms, it is often necessary to add or subtract directed numbers.
To carry out these operations, it is helpful to represent directed numbers by arrows on

a number line:

2 .43

[N P
n

! +5 !
=2 : i
A i
I ] T I T — ] ]
-5 -4 -3 -2 -1 0 1 2 3 4 5
This diagram shows that -2+ 5=3
1, _3 ] “2
T 1

This diagram shows that —2 +(-3)=-5

When attempting the exercise, you may find it helpful to form a mental picture of
the number line.

Examples
o) 34(-4)+5=—1+5=4
(i) —3ab +(-4ab)+8ab = (-3 +(-4) +8)ab
=(-7+8)ab
= lab
=ab

You should now attempt questions 7 to 12 of exercise 2 on page 8.



Any subtraction involving directed numbers can be converted into an addition.

For example,
4-2=4+(-2)=2

Subtracting 2 is the same as adding —2

In general:

To subtract a directed number, change its sign and add the resulting number.

Examples

(i) 4-6=4+(-6)=-2

(i)  -3-(-5)=-3+5=2

(i) 4-(-3)=4+3=7
(v) ~4-6-(-3)=—d+(-6)+3=-7

When combining algebraic expressions it is sometimes convenient to convert an
addition into a subtraction. '

For example,- '
4p+(-3q) can be written as 4p—3g

" Example

a* -3ab-4b° —5a* —6ab—(-8b*) = a’ —3ab—4b* - 54" - 6ab+8b"
=a® —5a* —3ab - 6ab - 4b” +8b*
=a" +(-5a")+(-3ab)+(-6ab) +(-45") + 85’
= —4a* +(-9ab)+4b’
= —4a” +(-9ab)+4b
= ~4a’ ~9ab + 4’

You should now attempt questions 13 1o 20 of exercise 2 on page 8.



EXERCISE 2

Simplify:

(1) 7x+11x (2) 16ab—4ab

(3) 9ab® —4ab* - 3ab* (4) 4x* +5x-2x" +6+3x -4

(5) 7p*q +4pgr—3qp® - 2qpr (6) @ +2ab+4b* +3ba +5a" - 28" ;
Now furn fo page 6.

Evaluate:

(7) 12+(-16) (8) -3+(-9)

(9) 6+(-15)+4

Simplify:
(10) —4x* +5x% +(-3x7) (11) =3a°b+4ab’ +6a’b +(-2ab")

(12) -3a* +8ab+6b* +(-4a* ) +(-3ab) +(-2b")

Now furn to page 7.

Evaluate:

(13) 8-15 (14) -14-(-9)

(15) 6-(-5) (16) -4-5-6

(17) -8—-(-3}-2

Simplify;

(18) 3x* +4x —6x* —5x (19) —6a* +4ab +5b* - 3a” - Tab - 46

(20) 2a°h—3ab’ - 5b° +(-5ab’ ) - 6a’b —(-3b°)

Now turn to chapter 3 on page 9



CHAPTER 3

FURTHER MULTIPLICATION AND DIVISION OF ALGEBRAIC EXPRESSIONS

Laws of indices

In a numerical expression such as 2°, the 2 is called the base and the 3 is the index
(plural indices). Similarly, the base of the algebraic expression a” is @ and the index is m.

In chapter I we simplified expressions with indices by writing them out in full.
It is quicker to apply the following laws. '

LAW 1

Written out in full,
2 3 5
a*xa’=(axa)x(axaxa)=a
le a?. XCI3 — a2+3
The general result is

The indices can only be added if powers of the same base are added together;
the law cannot be used to simplify an expression such as a*4” .

Examples
(@) da’xa’=a

3+443 _ 12

) d’xa'xd’=a a

() 2a°bx3a’’ =6a’ xa* xbx b’
=6a’b*

You should now attemp! questions 1 fo 4 of exercise 3 on page. 14,



Written out in full,

a’ dxdxaxaxa

a’ dxd
. ___a3
ie. a+at=a""
= a3
The general result is:
r am +a)‘l = al’?II*IT
Examples
Simplify:
316
a’b
(a a’+a b) a*xa’+d (c) —
: a’b
Solutions (a) «a“+a’=d’
4 5 9
a'xa’ a
(b) a*xadra’ = p —;7—=af2
(c) Divide the numerator and the denominator by the lowest powers

of a and b which appear in the expression. These are a® and b .

a’b® (a3 +-a3)x(b6+bz)
b (a5+a3)><(b2—:—bz)
_1x2*
Catx1
_y

a2

You should now attempt questions 5 to 9 of exercise 3 on page 14.
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LAW 3

Written out in full,

3
(a ) —a*xa’xa®
=q°
. 3 ®x
ie. (az) =g

The general result is

LAW 4

Written out in full,

(ab)3 =abxabxab

=a’h’

The general result is

(ab)" =a"p"

Examples

(a) (2x)=2°x'= 8’

®  (3x%) =)y
=27x%y*

You should now attempt question 10 to 14 of exercise 3 on page 14.

11



Multiplication of Directed Numbers.

If a directed number is multiplied on the right by a positive number, its sign is unchanged.

Thus 4%x5=20
and (-4)x5=-20

If a directed number is multiplied on the right by a positive number, its sign changes.

Thus ~ 4x(-5)=-20
and (-4) x(-5)=20

* These results lead to the following rule:

The product of two numbers with like signs is positive, whilst the product of two nunibers
with unlike signs is negative.

Examples
(@)  Tx(-4)=-28
0 (3) =(-3)x(-3)=9
() (~a)x3b=(-1])xax3xb

=(-1)x3xaxb
=-3ab

(d)  (-3p)x4gx(-5r)=-3x pxdxgx({=5)xr
=-3x4x(-5)x pgr:

=-12x (—S) X par
=60pgr

You should now attempt questions 15 1o 22 of exercise 3 on page 4.
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Division of Directed Numbers

As 3x(-5)=-15, it follows that

@  (-15)+3=-5
- 5)=3

=3
(i) (-15)+(-

and

Results like these lead to the following rule:

When dividing, two numbers with like signs give a positive result whilst two numbers

with unlike signs give a negative result.

|

Note that this rule is similar to the one for multiplication.

Examples 7

(@

(b)
(©

(&)
()
®
(®)
(h)

)

You should now attempt questions 23 to 34 of exercise 3 on page /4.

—9:3=-3
23
-3
(-9)+(-3)=3
—B3_3
4 4
8 __&__4
-10 10 5
(—2a)+3b=ﬂ=—2—”
_ 35 35
3x 3x
)+ (-4y)=—"=-""
() () ==
4 3 4 3 3
: 4 3 s\ —P4g P24 P
-pq ) -pg’)=——5= =
( )+(-p) -r7 PT b

dax(-3b) -12ab _12ab _6ab

-2 -2 2¢c c
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Exercise 3
Simplify:
() a*xa®  (2) ¥*xx*xx’ (3) 37y x4x"y’ (4) 2% x3x?y* x4x’y

Now turn to page 10

_ T s 6 2
6y a?+a® (6 T2 M = (8) a*b’ + a’b’
a a
(9) 6a’b*c’ + 9ab’c’
Now turn to page 11
4y A 3}2 12yt
(10) (x*) (11 (5x°) 12) (2x°y7)

(13) (25°) +(4x’y) (14) (23:2)2)3 x 3x°y? +(4xy2)2

3 2

Now turn to page 12

Evaluate:
(15) 7x(-3)  (16) (-4)x6 (17) (-6)x(=5) (18) (-4) (19) (-1)°
Simplify:
- (20) 4béx(—ab) | @1) 2cx(-3y)xdz  (22) (-a’)
| Now turn fo page 13

Evaluate, leaving your answers as a fraction in its lJowest terms where appropriate:

(23) 16+(-2) | (24) (-14)+7 (25) (-18)+(-3)

-3x4 (~4) x(-6) . 9
(26) = (27) EMEN (28) -7+9 (29) 3
Simplify: ‘
(30) —4x +6y (31) % | (32) (-6p"y*)~opy’
33) (—4a’b) x(-6a"p7) (34)' (-2a’bc) x 5a’b’c?

—-16a°b" 4atc? x (—3])5)

Now start chapter 4 on page 15.
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CHAPTER 4
REMOVING BRACKETS

Suppose you were asked to work out 55x102 without the aid of a calculator.
The calculation could be carried out like this:

55%102 = 55%(100+2) = 55x 100+55 % 2
, =5500+110
= 5610

‘This method depends on the following law for removing brackets:

a(b+c)=ab+ac

i.e. multiply each term within the bracket by the quantity ouiside the brackel.

If the bracket is fo/lowed by the quantity outside, it can also be removed , so that :

(b+c)a=ba+ca

This technique is only valid if the terms within the bracket are separated by pfus or minus
signs: if the bracket in the expression 3 x (y x z) is removed, the result is simply 3yz.

Examples

(a)  5(3x+4)=15x+20
(b) (3x—4y)x? =3x" —4px*

() pl2p-3q+4r)=2p" -3pg+4pr

(d)  (3a° —4ab+5bYbe=3a® x be —4ab x be +5b” x be

=3a’bc—4dab*c +5b’c
You should now attempt questions 1 to 4 of exercise 4 on page 21.

Suppose we wished to remove the bracket in the expression —(4p +5g - 6r).

We can write:
*(4p+5q—6r)= -1 x(4p+5q—6r)
=—1x4p+(=1)x5g +(-1) x{-6r)
=-4p—>5q+6r
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Notice that the signs of all the terms inside the bracket are changed when the bracket is
removed. Results like these lead to the following rule:

When a bracketed expression has a minus sign in front of it the signs of all the terms
inside the bracket are changed when the bracket is removed.

Note that this rule is only valid if the terms within the bracket are separated by pfus or
minus signs: the result of removing the bracket in the expression —(p x g) is simply —pg .

Examples '

(@ -(2p+3q)=-2p-3q

(b) —(x2 - 3x) =—x’+3x

(c) —3p(p2 —4q+2r) =-3p> +12pg - 6pr

You should now attempt questions 5 to 8 of exercise 4 on page 21.

When simplifying expressions containing more than one bracket, remove the brackets
and then add the like terms together: :

Examples

{(a) 3(2x+3y)—(x-}5y):6x+9y—x—5y
=5x+4y

(b))  2x(x® -3x)-3x(x’ —4) =2x’ - 6x" ~3x" +12x

=—x'—6x +12x

You should now atfempt questions 9 to 12 of exercise 4 on page 21,
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Expansion of twe brackets -

Expanding an expression means multiplying it out. For example, the result of
expanding x(x-2) is x* —2x.
Suppose we had to expand the expression (a +5)(c+d). Firstly, multiply each term in

the second bracket by (a + ). This gives:
(a+b)(c+d)=(a+bjc+(a+Db)d .

If we now remove the brackets on the right hand side we find that :

(a+b)c+d)=ac+bc+ad +bd

Notice that each term in the first bracket is multiplied by each term in the second
bracket. To make sure that you don't miss out any of the products appearing in such

an expression, follow the same order every time.

The order used in the worked examples below is:

ch@yi):ac+bc+ad+bd
A

Examples Expand and simplify:

(&) (3x+2)(x+4) () (2y-3)3y-2) (o) 3p—4g)(2p+59)

Solutions To follow the order of appearance of the terms in the expansions, you
may find it helpful to refer to the diagram above. The dots shown
below represent multiplication signs and rof decimal points.

(@  (Bx+2)(x+4)=3xx+2.x+3x4+2 4

=3x" +2x+12x+8
=3x" +14x +8

0 (2y-3)3y-2)=2y3y-3.3y+2y(-2) +(-3)(-2)
=6y’ —9y—4y+6
=6y’ -13y+6

() (Bp—4q)(2p+59)=3p2p-492p+3pS5q—445q
= 6p* ~8pq+15pq —20g°
=6p* +7pg-20g°
With practice, you should develop the confidence to go straight to the simplified form.

You should now attempt questions 13 to 22 of exercise 4 on puge 21.
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Polynomial Expansions

Suppose we expand the expression (3x” +2)(4+x)
If the terms in the answer are written down in the order used in the previous section,

we obtain:
(3x” +2)(4+x)=12x" +8+3x” +2x

The result 1s an example of a polynomial in x. If the final answer to a problem is a
polynomial, it is usual to rearrange the powers so that they are in descending order.
The constant, if any, comes at the end of the expression. ,

Tt follows that the result of rearranging 12x* +8+3x’ +2x is

3x>+12x* +2x +8

Examples

Expand and simplify:

(a) (3-4x)(2-5x) (b) (3—5x)(x+3) (©) (2% +3)(1+x*)
Solutions In each case the final answer is given as a series of descending powers

of x, followed by a constant.

(a)  (3-4x)(2-5x)=6-8x—15x+20x°
=6-23x +20x°
=20x"-23x+6

(b)  (3-5x)(x+3)=3x—5x"+9—15x
=-5x" —12x+9

©  (2x° +3J(.I+x3) =2x% +3+2x" +3x°

=2x +3x +2x* +3

You should now attempt questions 23 to 26 of exercise 4 on page 21.
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Three Important Expansions

An expression which is the sum or difference of two terms is called a binomial.

e.g 2x+3y

In algebra we often have to square binomials. Instead of multiplying out a pair of
brackets every time, it is quicker to use a general result which we now derive.

If we expand (a+5)" we obtain
(a+b)" =(a+b)a+b)
=a’ +ba+ab+b’

therefore:

(a+b)’ =a® +2ab+b"

This result, and the others derived in this section, should be memorised.

They do not appear in the formula book issued for external examinations.

Examples

Expand (@) (3x +4)2 () (4x+ 3)’)2

Solutions

(a) Put a=3x and & =4 in the result above:
(3x+4)" =(3x)" +2.3x 444
=3"x* +24x+16

=9x* +24x+16

®)  (4x+3y)° =(4x)" +2.4x 3y +(3y)’
' =16x" +24xy +9y°

You should now attempt questions 27 to 30 of exercise 4 on page 21.
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Tf we expand (a - 5)”, we obtain:

(a—b)2 =g’ —2&b+b2

You should check this result by multiplying out (a—d)(a-b)
Examgl.e
Expand (2 - 3):)2
Solution Put a =2 and & = 3x in the result above.
(2-3x)=2"-2.2.3x+(3x)’

=4-12x +9x*
=0y’ —12x +4

You should now attempt questions 31 fto 34 of exercise 4 on page 21.

If we expand (a +b)(a - ), we obtain (¢ +5)(a—b) =a’ +bc—ab —b* which gives:

-

(a+bla-b)=a’-b*

This result is called “The difference of two squares”.

Example

Expand (a) (2x +3)(2x-3) (b) (4-3x°)(4+3x7)
Solutions (a) Put @ =2x and & =3 in the result above.

(2x+3)(2x - 3) = (2x)" - 3°
=4x* -9

(b)  (4-3x7)(4+3x7) =47 - (3x?)
= 16-32(x?)’
=16-9x*

You should now attempt questions 35 to 40 of exercise 4 on page 21.
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Exercise 4

Remove the brackets in the following expressions: _
(1) 78x-4)  (2) (4a-3b)c  (3) x*(2x*-3x+1) (4) (2x" -3y +4y° )y
Now return to page 15.

.Remove the brackets and simplify:

(5) ~(a+4b)  (6) (4" =3) (1) ~Tp(2p*-p+1) 8) -3Im*(3m—2n-1)
Now return to page to page 16. |

Remove the brackets in the following expressions:

(9 -3{4a—2b)+4(a-b) (10)  4{1-2x)-3(2x-1)
(1) 3x(x—4)-4x(x-5) (12)  3x(x® —5x+1)-2x(x" +3)-3(x* +6)
Now return to page 17.

Expand and simplify

) (@) a9 -4 (9 (-4
(16)  (r+8)(r-3) (17) (4x+3)(3x+2) (18) (3y-4)(2y-5)
(19)  (2x-5)(3x+4) (20)  (3x—4y)(2x-3y)

(21)  (a-4b)(a+5b) (22)  (2a-3b)(2a+3b)
Now return fo page 18.
Expand and simplify:

23y (2-3x)(4-5x) . (249 (2-3x)(3-+2x) 25) (3x*+1)(x-6)

(26)  (4x°-5)(2-3x)
| Now return to page 19.
Expand:

@7) (4x+1)’  (28) (3x +5)é 29 (2p+3g)°  (30) (3x* +2)2
Now return to page 20.
Expand:

G (x-1°  (32) (3-4x)"  (33) (2x-3y) 34 (4 -1)
' Now return to page 20.
Expand: '

(35) (4x—1)(4x+1) (36) (3x—4)(3x +4) (37) (2+5x)(2 - 53:)
(38) (4p 3q)(4p+3q) (39) (2x° - 3)(2x" + 3)  (40) (3p° +2¢7)(3p% - 2¢°)
Now turn to chapter 5 on page 22.
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CHAPTER 5

SOLVING LINEAR EQUATIONS

Consider the equation 7x —5= 4x + 3. The terms are either multiples of x or
constants. Such an equation is said to be linear in x.

(1)
(2)
(3)

Examples

Solutions

‘When solving equations, remember that

we can add the same quantity to both sides of the equation.
we can subtract the same quantity from both sides of the equation.
we can multiply or divide both sides of the equation by the same quantity.

In each case, both sides of the equation remain equal.

Solve the following equations:
(a) x-3=9 (b) —=12 (c) 3m+5=17

(d) 2—%x:7 () 4x-1=3-T7x

() x-3=9
SLx=3+3=94+3 (adding 3 to both sides)
x=12
z
b -=12
(b) :
"5 x% =5x12  (multiplying both sides by 5)
L 2=60
(c) 3m+5=17
S 3m=12 (subtracting 5 from both sides)
Som=4 (dividing both sides by 3)
3
d 2-—x=17
(d) a
—%x =5 (subtracting 2 from both sides)
So=3x=20 (multiplying both sides by 4)
20 o
LX= Y (dividing both sides by -3)
x=-6—

Note that the final answer is left as a mixed number. If we attempt to write it as
a decimal, the result will only be approximate.
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S1lx—-1=3 (adding 7x to both sides)
Sllx=4 (adding 1 to both sides)
" x= % (dividing both sides by 11)

You should now attempt questions 1 to 11 of exercise 5 on page 25.

If an equation contains brackets, remove them first.

Example Solve: 3(2x+4)-5(3x-2)=7
Solufion 6x+12-15c+10="7
So=9x+22=7
S=9x =-15
-15
Lx=——
-9
5
x==
3
X= 1z
3

You should now aftempt questions 12 to 14 of exercise 5 on page 23.

If an equation contains fractions, remove them by multiplying each term by a
multiple of all the denominators. To make the algebra as simple as possible, you should
find the lowest common multiple {LCM).

Examples Solve the equations:

x 3 3x m—-4 2m-1 _ 2
a —t+—=—-1 b - =5 c =
(@) .4 5 2 (®) 3 2 © 2x+1

Solutions (a) The lowest common multiple (LCM) of 4,5 and 2 1s 20.
Multiplying each term by 20,

20><x+20><3_ 20 x 3x
4 5

Dividing 20 by each of the denominators gives:

-20x1

Sx+4x3=10x3x-20
SL5x+4+12=30x 20

.32 =25x
32 7
Sx=—=]1— -
25 25

23
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b — 5
(b) 5
The LCM of the denominator is 6. Multiplying each term by 6,

6(m—4) 6(2m-1) _ 625

3 2
2(m—4)-3(2m-1) =30

2m—-8—-6m+3=30
—4m—-5=130

—4m =35

35
"

m=—8E
4

m

2 3
C = —
© 2x+1 5

Multiply each term by 5(2x +1)

2x5(2x+1)  3x5(2x+1)
2x+1 5
5L 2x5=3x(2x+1)

S 10=6x+3
n7=06x

You should now attempt questions 15 to 22 of exercise 5 on page 25.
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Exercise 5

Solutions which are not integers should be given as either fractions or mixed numbers.

Solve the following equations:

(1) x-2=6 @zva=1 @ F=4 (4) 6p=-18
(5)34’5:5 (6) 3y+4=13 (7) Tx+13=2 (8) 13-3x =25
(9)%_9:_13 (10) S—4p=2p—7 (1) 8z+2=52-14

Return fo page 23

Solve the following equations:
(12) 2(3x +5) =11 (13) 3(y-1)-4(2y +3)=14 (14)4(x-5)=7-(3-2x)
Return to page 23.

Solve the following equations:

mom z z z ' y+1 2y-1
15 2 2oy 16) 2+ 241=2 ) Ay
(13) PSS ( )2 ; p | (17) 3 p
32z-1) 2(z+2 : o 4 _6 3
(18) (22 )— (= )=1 (19)_£_p_:3+_£
4 3 ' 15 4] - 10
- 2 5 4
20 —— =1 ey XLl b 22) Z+—=+—=10
2x-1 4 4x+3 34 m  2m  3m
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ANSWERS

Exercise 1

12x 2. 21y 3. 12pgq 4. 63ab |
6xyz 6. 60pqr 7. 6a® 8. 125° ‘
. 12x%yz 10, 10x°y’ 1. 16’ 12. 94°F
13, 144p°g° 14,  9x* 15. 8%’
6. 2x 17. 2xy 18.  4x° 19.  Sab
. 2ab’
20, 2y . Zab 2 23, 2
3 4 7 3
u = 5, = 6. A 2. A4
3 - 3y 3b 4
2 2
28, 6x 29, & 5. 42 3, 2
Sb 3b Shc
3
. Z
q

Exercise 2

1. 18x 2. 12ab 3. 2ab’ 4. 2x* +8x+2

5. 4p’q+2pgr 6. Ga’+5ab+2b° 7. -4 8. -I2

9. -5 10. —2x° 11. 3a’h+2ab’ 12. —7a* +5ab+4b°
13. -7 14. -5 15. 11 16. -15

17. -7 18 3P —x 19.-9a =3ab+b> - 20. —4a’h—8ab® - 2b°

Exercise 3

2, x" C3o12xSyt 402445 5. dT 6. a’
l . 2 2 )
7. 8. g, 24¢ 10. x" 11,25x° 12. 16x'2)"
a b 3b°
y' 3
13, = 4. =x"y  15.-21 - 16. 24 17.30 18. 16
2x 2 ‘
19. -1 20. —4ab’c  21. —24xyz  22. -ah’  23. -8 24, -2
- | 7 3 2 |
25.6 26. 6 27. —4 28, -~ 29, - 30, -2
: 9 4 -3y |
. 3 4
Y T P R Y L V-c )

4y 3y° C2b 6b”



Exercise 4

1. 56x—28

4, 2x’y - 3x*y? +4x°
7. —14p* +7p* - 7p
10. 7-14x

13. x’+5x+6

16, r* +5r—24

19. 6x* —7x-20

-22. 4a* - 9b*
25, 3x° —18x +x -6
28. 9x% +30x+25

31. 9x? —6x+1

34, 16x° —8x% +1
37. 4 -25x°

40, 9p” - 44*

Exercise 5

2. dac-3bc

5. —3a-4b

8. —Om’ +6m’n+3m
11, —x* +8x

14, > -7y +12

17. 12x* +17x +6
20: 6x° ~17xy+12y°

23. 15x* - 22x +8

26. —12x* +8x* +15x-10
29. 4p* +12pg +9g

32, 16x* - 24x+9

2

35. 16x” -1

38. 16p° - 9¢°

Im=12 4 p=-3

15m=-15 16 z=-1]
1

21 ¥ =3- 22 m=—
2

3. 2x° -3x" +x’

6. -4y’ +3

9, -8a+2b

12. x> -18x% -3x-18
15. p* -3p-4

18. 6y% - 23y +20
21. a* + Pab - 20b*
24, —6x* —5x+6

27. 16x* +8x +1

30. 9x* +12x° +4

33. 4x? - 12xy + 9)y?

36. 9x* 16
39, 4x° -9
S x=6— 6y:3
11;;:—5i 1?.chl
3 6
7
1"}'}):2i 18 z=3—
10 10







CHAPTER 6
TRANSPOSITION OF FORMULAE

A formula is an equation which relates two or more variables. For example, 4 =1/b
expresses the area (4) of a rectangle in terms of its length (/) and breadth (b).
A 1s called the subject of the formula. If the values-of / and & are given, they

can be substituted in the formula to find the value of 4.
Suppose the values of A4 and / are given and we require the corresponding
value of b. It is often convenient to rearrange the formula so that » becomes the

subject. This process is called transpositio.
If you need to change the subject, think of the formula as an equation in which

the required subject is the unknown. You can then apply the methods which you
practised in the previous chapter.

Examples
(a) Transpose ¥ = IR for /

Solution: I = r ( Dividing both sides by R )

R

(b) Transpose 4 = 2arh forr

Solution: - A= 2xhr ( Rearranging right hand stde )
g ( Dividing both sides by 274 )
27h

(c) Transpose P = " for 1

nt
Solution: Pt =W { Multiplying both sides by 77 )
t= PK ( Dividing both sides by Pn )
7

(d) Transpose V = mr’h +abe for a

Solution: V —mr*h=abe ( Subtracting m7-*h from both sides )
V —mrh

; ( Dividing both sides by bc¢ )
c

a

You should now attempt questions I to 9 of exercise 6 on page 30.
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Example

Transpose v’ = u’ —2rs fors

Solution: v —ut = -2rs (subtracting #* from both sides)
s=" > _ (dividing both sides by —27)

=2r

) |

Si— (multiplying numerator and denominator by —1)

,
le - Vz

= 5 (removing bracket and rearranging)

-

The solution became quite complicated because of the minus sign originally appearing
before the term containing the required subject. The algebra is easier if our first step is

to add this term to both sides.

Thus  v* =u® —2rs
vit2rs=u’ (adding 27s to both sides)

2rs=u* —v?>  (subtracting v from both sides)
w v’
S§S=
2r

(dividing both sides by 2r)

You should now attempt questions 10 io 12 of exercise 6 on page 30.

Examples involving brackets

(a) ° Transpose F = §C+32 for C

Solution: F-32= %C (subracting 32 from both sides)

5(F-32)=9C (multiplying both sides by 5)

C= g(F -32)  (dividing both sides by 9)

The final answer can be left in this form; there is no need to remove the bracket in the
der_]ominator.
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Example
{b) Transpose M = P[l + LJ forr
100

Solution: If the required subject appears within a bracket a neat expresston for it
' can be obtained for it by removing that bracket. Thus:

M:P+£
100

M-P= 1%0 {(subtracting P from both sides)

Pr=100(M - P)  (multiplying both sides by100)
(M-P) - .

F= IOOT (dividing both sides by P}

The final answer can be left in this form. If you wish , you can now divide each term in
the bracket by P to obtain:

=100 _f‘ﬁ-fj
PP

= IOO[A/[—— IJ
P

You should now attempt questions 13 to 17 of exercise 6 On page 30.

Examples involving Square Roots

o el 3
(a) Transpose w™ =u~ —v~ foru

Solution: w? v =’ (adding v* to both sides)
"= m ' (taking the square root of both sides)
Note: Some students now try to simplify m and obtain w + v.
THIS 1S NONSENSE! |

eg. Ifweput w=3 and v=4, then

Jiwr+v? = Jot16 = 25 = 5

but -~ w+v = 3+4 = 7
o Aw' v DOESNOTEQUAL 1w +v
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Examples

(b)  Transpose a” =36 —4c? for ¢

Solution: 4c® +a* =367 (adding 4¢’ to both sides)
4¢® =3b° —a’  (subtracting @’ from both sides)
2 bz - : e e . '
¢’ = 3 il (dividing both sides by 4)

4 .

2 . 2
c= 1} 3 p a (taking the square root of both sides)

As the denominator is a perfect square, we can simplify this result by taking the square
root of the numerator and denominator separately.

V3b? —a?

Thus c=————
N

V3B -a’

2

(c) Transpose d = +2ab fora

Solution: Remember that when the square root of an expression is squared, all
that happens is that the root sign disappears.

Thus d* = 2ab (squaring both sides)

a= % (dividing both sides by 25)

(d) Transpose a =b + 3& ford

Solution: a-b= 3\/3 (subtracting & from both sides)
(a- b)2 = (3@ - (squaring both sides)
2

= 33[ 3] (remember that (pq)’ = P*q*)

ot

d

dla-b)' =9c (multiplying both sides by d)
9c

(dividing both sides by (a-4)")

(a-2)’
You should now attempt questions 18 to 24 of exercise 6 on page 30.
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Exercise 6

In each of the following _qﬁestions transpose the formula to make the subject
the letter shown in brackets.

(1) F=ma (@) (2) A=dab (b) (3) V=mw’h (h)

_x _RT _q
@ y=2 (0 O P=72 (D © 1= O

(7) z—:—s () (8) v=u+at (a) (9 v =u +2ax (x)

Now tyrn to page 27.

Transpose the following formulae for the letters shown in brackets:

my —niy

()

(10) w=v-pg (g (1) p=

(12) a® =b*+c* —2bccosA (cosA)
Now turn to page 28.
Transpose the following formulae for the letters shown in brackets:

(13) y:nH—E {x) (14) x:m‘+51a13 (a)
7

6(D—d)
(15) A=m(r+h) (A (16) T:f (d)

a7 w:v(ll+at) (1)

Now turn to page 29.

Transpose the following formulae for the letters shown in brackets:

(18) 4p* =3¢ +16r° (1) 19y T=F+mw? (w)
(20) v:‘/6—7’ () 1) T:Zﬁ"\/z 0

a g
(22) T=2n MLgh () (23) m=n+idu ()

4 z=|—— ()
x+y .

Now turn to chapter 7 on page 31.
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CHAPTER 7

INTRODUCTION TO FACTORISATION

The number 24 can be written as a product in many different ways. For example,
24=4x6
The numbers 4 and 6 are said to be facfors of 24.

It is often convenient to think of an algebraic expression as a product of factors. For
example, 6a°b can be regarded as the product of the factors 6, a” and b.

Consider the expression 4x +4y .

The number 4 is a common factor of both terms.

It is also a factor of the complete expression as 4x +4y = 4(x + y).

The other factor is (x + ).

The process of expressing an algebraic sum as a product of factors is called
factorisation.

Examples Factorise:

(a) 3x+12 )y ax-ay ()  3x®+5x
Solutions (a) 3 1s a factor of both terms and is therefore a factor of the
complete expression. The other factor is contained within a
bracket.

To find the terms inside the bracket, divide each of the terms in
3x+12 by 3. Thus ‘

3x+12=3(x+4)
)  ax-ap=a(x-y)
(¢)  xisacommon factor of 3x* and 5x. Thus

3x* +5x=x(3x+5)

You should now aftempt questions I to 6 on page 34.
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Highest Common Factor (HCF)

Suppose we wished to factorise 6x* - 24x . Now 6 and x are both common factors of

6x* and 24x . Their product 6x is therefore a common factor of both terms and can be
placed outside the bracket containing the other factor. Thus

6x® —24x = 6x(x — 4)

6x is the highest common factor (HCF) of 6x* and 24x.

When factorising an algebraic expression, you should find the highest common factors
of all the terms.

Examples Find the HCF of:
(2) wiz®, iz, x'y's
(b) 6x*y, 9x°, 12x*y?

Solutions (a)  Each term contains powers of x, y and z. To find the HCF choose
the fowest power of each variable which occurs in the three terms
and multiply them together. The lowest power of x is x, the lowest

power of yis y° and the lowest power of zis z° .
The HCF is therefore xy’z*.

(b) The highest common factor of the numbers 6,9 and 12 is 3.

The lowest power of x appearing in all three terms is x°

The variable y does not appear in the HCF as it only appears in
two of the terms.

The HCF is therefore 3x”.

You should now atfempt questions 7 to 10 on page 34.

Examples  Factorise: (a) . 21x’y® —14x (by  1lx’y—22xy’ —1lxpz?

Solutions  (a)  The HCF of 21x’y” and 14x is 7x.
Therefore 7x is a factor of 21x°y* — 14x.
To find the terms in the second factor, divide 21x°y* and 14x
' by 7x.
Thus 21x°y* - 14x = 7x(3x”y* - 2)

(b)  The HCF of llx’y, 22x3” and |lxyz’® is 11xy.
Nx’y—22xp° — 1z = 1y -2y - 27)

You should now attempt questions 11 to 15 on page 34.
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You may need to transpose formulae in which the required subject appears more than
once. Some examples of this type can be solved by factorising.

Example Transpose A= 3B +4C for B
B+5

Solution A(B+5)=3B+4C (mutiplying both sides by B + 5)
AB+54=3B8+4C (mutiplying out the bracket)
AB-3B+54=4C (subtracting 38 from both sides)
AB-3B=4C~54 (subtracting 5A from both sides)
(4-3)B=4C~-54 (factorising left hand side)
p=AC-34 (dividing both sides by 4~ 3)

A-3

You should now attempt questions 16 fo 20 on page 3.
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Exercise 7

()
4)

(7
O

(11)
(13)

(15) -

(16)
(17)
(18)
(19)

(20)

Factorise the following:

5x+25 (2) 12x-16y  (3) pa+pb
9a +12b-15¢ (5) Sx*-12x (6) 6y +7y

Now turn fo page 32.

Find the HCF of the following sets of terms:

5x%, 10x (8)  8x’ I2x*

a’b*c®, a’be?  a’b’c? (10) 4x’y? 8x% 12x*y’

Now return fo page 32.

Factorise the following:

18x* —27x (12) 4pq’ - 6pg*

3x’ - 6x7 +12x (14)  24ab® +8ac® - 4ad’

6ab® ~ 9abce* +3ab’c
Now furn fo page 33.

Transpose the following formulae for the Jetters shown in brackets:

3P +50

A= P
2P -1 ()
Fimg= ﬂ {(m)
y= dx”j (x)  Assume x is positive.
z—x"
2= —— (1)
X+ y

Now turn to chapter 8 on page 35.
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CHAPTER 8
FACTORISATION OF QUADRATICS

Consider the expression 3x” —8x +5. This is an example of a quadratic in x.

The coefficient of x* in the expression is the number 3 multiplying x* . Similarly, the
coefficient of x in the quadratic is — 8. The constant term is the number 5 at the end.
In pure mathematics it is often necessary to factorise quadratic expressions. We shall

begin with quadratics in which the coefficient of x*is 1.
Case 1 You should verify that {x +2)(x +3) = x* +5x +6.

Notice that . (i) the product of the numbers in the brackets is the constant term

on the right hand side.
(ii) the sum of the numbers in the brackets is the coefficient of x.

Example Factorise x* + 7x +12

Solution (i) Wirite the expression as the product of two brackets, leaving
spaces for numbers to be inserted .
ie x*+7x+12=(x+ Jx+ )

(i) Find two numbers whose product is 12 and whose sum is 7.

These are 4 and 3.
(i)  Insert these numbers into the brackets.

Thus x* +7x +12 = (x +4)(x +3)
Note: When factorising quadratics, check that your solution is correct
by mentally multiplying out the brackets.

You should now attemp! questions 1 fo 4 of exercise on page 41
Case 2 You should verify that (x —4)(x ~3) = x* = 7x +12.

When the coefficient of x in a quadratic is negafive and the constant term is positive,

both brackets of the factorised form contain minus signs.
In the above expansion,the product of the numbers 4 and 3 within the brackets is the

constant term,; their sumi is the 7 in the middle term.
Example  Factorise p° - 10p+21
Solution i)  Wrte p*'-10p+21=(p- )p- )

(i) Find two numbers whose product is 21 and whose sum is 10.
These are 7 and 3

(i)  Insert these numbers into the brackets.
Thus p*—10p+21=(p-7)(p-3)

You should now attempt questions 5 to 8 of exercise 8 on page 41
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Case3

Example

Solution

Example

Solution

You should verify that:

)

(it)

+6)(x—4)=x*+2x-24 and
(x+3)(x—7) =x?—4x-21

In both cases, the constant term on the right hand side is negative.
When this happens the signs in the brackets of the factorised form are

different.
In example (i), the difference of the numbers 6 and 4 within the

brackets is the 2 in the middle term.
In example (ii), the difference of the numbers 3 and 7 within the

brackets is the 4 in the middle term.
x*+4x-21
(1) Write x* +4x—21=(x+ J(x- )

(i)  Find two numbers whose product is 21 and whose difference is 4.
These are 7 and 3

(i)  Insert these numbers into the brackets. As the coefficient of x in
the quadratic is positive, the larger number, 7, should be put in
the bracket containing the positive sign.

Thus x* +4x —21=(x+7)(x-3)

Factorise x> —8x— 20
(i)  Write xz‘—Sx—20:(x+ x- )

(i}  Find two numbers whose product is 20 and whose difference is 8.
These are 10 and 2.

(i)  Asthe coefficient of x in the quadratic is negative, insert the
larger number, 10, into the bracket containing the minus sign. Put

the 2 in the other bracket.
Thus x* ~8x —20=(x+2)(x -10)

You should now attempt questions 9 fo 16 of exercise 8 on page 41
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More difficult factorisation

You should verify that: (3x+2)(x+4)=3x* +14x +38

The working can be displayed using the following table:

coefficient of x constant term

Lst bracket 3 >< 2
1 4

2nd bracket

The coefficient of x” is the product of the numbers 3 and 1 in the first column.
The constant term in the quadratic is the product of the numbers 2 and 4 in the second

column.
The coeflicient of x is the sum of the ‘cross products’ indicated by the lines i.e.

l4=3x4+1x2
We now use an extension of this table to factorise quadratics in which the coefficient of

x* 1s a prime number.

Exampie Factorise 5x% +16x +12
' Solution (a) Construct the following table:

511 12 2 6 3 4
112 1 6 2 4 3

The column on the left of the line consists of the pair of factors 5 and 1 of the

coefficient of x* . These need only be written down in the one particular order.
To the right of the line, all the possible pairs of factors of the constant term 12 are
written down systematically. Notice that bo#/ orders for each pair are shown.

(b)  For each column of numbers to the right of the line, calculate
mentally the sum of the cross products with the factors to the left of the line. Stop

when you obtain the coefficient of x, i.e. 16.
Working from left to right, the sums are:

Sx12+1x1=061
Sx1+1x12=17
5x6+1x2=32
5x2+1x6=16

(c)  Highlight the columns producing the sum of 16 as shown below:

}1122 3 4
12 1 6 4 3
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The highlighted numbers on the first row represent the factor 5x + 6 of the original
quadratic. Those on the second row represent the factor x + 2.

Thus 5x° +16x+12 = (5x +6)(x +2)

When factorising quadratics it is often unnecessary to write down all the possible pairs
of factors of the constant term. In the next example, you will be shown a quicker
version of the method.

Example

Solution

Example

Solution

Factorise 3x” +11x+8

(i} Write down the pair of factors of 3 in one particular order.

(i)  Write down systematically pairs of factors of the constant term
8, calculating the sums of the cross products as you go a!o;rg
Stop when you obtain the coefficient of x.
The working is shown below.

D1y 0

Thus  3x® +11x+8=(3x+8)(x +1)

You should now attempt question 17 fo 20 of exercise 8 on page 41

Factorise 3x* —16x + 20

As the constant term is positive, we still calculate sums of cross
products, stopping when we obtain 16. The signs in both brackets of the

factorised form are negative.

1 20 2
20 1 10

Thus 3x” —16x +20 = (3x - 10)(x - 2)

You should now attempt questions 21 to 24 of exercise 8 on page 41
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Example Factorise 3x” —8x — 28

Solution If the constant term is negative, we work out the differences of the
cross products. The signs in the brackets of the factorised form will be
different.

@’1 28 2 [1x14-3%2=8]
Ul 1 14

Find the correct sign for each bracket by trial and error.
(3x +14)(x — 2) gives 8 for the coefficient of x when expanded but

(3x —14)(x +2) gives -8 for the coefficient of x.

Thus 3x* ~8x—28 =(3x—14)(x +2)
You should now attempt questions 15 to 28 of exercise 8 on page 41
If the coefficient of x* is not a prime number, you may have to try more than one pair
of its factors.

Example Factorise 12x° —23x + 10

Solution 2 ] 1 10 5
6 12 10 I 2

Pairs of factors of 12 are written down systematically until 23 is
obtained for the sum of the cross products. It isn't necessary to reverse
the order of these factors.

Thus 12x* —23x +10 = (3x - 2)(4x - 5)

You should now attempt questions 29 to 32 of exercise 8 on page 41

Examples  Factorise the following quadratics:
(a) 3x® —6x~9 (b) 10+3x—x’

(a)  As3isacommon factor of each term, factorise in two stages.

3x® = 6x -9 =3(x’ ~2x -3
= 3(x = 3)(x +1)
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(b) - As the coefficient of x* is negative, take out a factor of — 1
from the complete expression and change the signs of all the
terms of the quadratic.

10+3x - x” = —(x* —3x -10)
= —(x-5)(x+2)
=(5-x)(x +2)

Note: The minus sign was taken into the first bracket to produce a neater solution.
You should now attempt questions 33 to 36 of exercise on page 41

Recall the following expansions:
(a+b)" =a® +2ab + 5

and (a-b) =a’-2ab+b’

[T+

These can be used to factorise certain quadratics quickly.

Example Factorise (a)  4x*+12x+9 (b)  9x' —6x+1
Solutions (a) The term in x* and the constant term are both perfect squares

as 4x* =(2x)" and 9=3"
The quadratic can be written as (2x)” +22v3 +3°

This is of the form &* +2ab +b* where a = 2x and b = |
Thus 4x° +12x +9'=(2x +3)

2

(b)  The quadratic is of the form a® — 2ab +5* where a=3x, b=1
Thus 9x> —6x +1=(3x—1)’

You should now attempt questions 37 to 40 of exercise 8 on page 41.

Certain quadratics can be factorised using the formula for “the difference of two squares’

a* -0 =(a+b)a-b)

Example Factorise 9x? - 25

el

Solution 9x? —25=(3x)" - 5
=(3x+5)(3x-5)

You should now attempt questions 41 to 44 of exercise 8 on page-#.
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Exercise 8
Factorise the following quadratics :

(1) x> +6x+8
@) ¥y +11y+30
Now return (o page 35.
Factorise ;
) x*—=Tx+10
(7y m* —9m+14

Now furn to page 36
Factorise
@ x*+2x—-15

(a1 z'-z-12

) x* +9x+18
@) z* +20z+36

6) a* —8a+12
® p*-1lp+24

(10) y* +y-20
(12) w* —3w—18

The following examples are a mixture of the different cases shown so far.

Factorise :
(13) a® —10a +21

(s) x* +17x+60
Now turn to page 37
Factorise :

a7 2x* +13x+15

(19) 7x* +37x+10
Now refurn fo page 38.
Factorise :
1) 3x’ -8x+5
(23) Tx* —25x+12
Now furn to page 39.
Factorise: ' _
(25) 3x*+x - 14
Q7 3z° -14z-5
Now return fo page 39.
Factorise :

(29) 6b* —5bh—6

(31) 12x* —25x+12
Now return to page 39,
Factorise:
(33) 4x* —36x+80
(35) —2x° +11x-12
Now return lo page 40
Factorise: :
(37) 9x° +30x+25
(39) 36x° +12x +1
Now return fo page 49.
Factorise :
(41) 16x” - 81
(43) 8x* - 50

Now turn to Chapter 9 on page +42.

(4) p* - p-20
(16) z° +9z—22

(18) 11y° +17y+6
(20) 5z° +262+24

(22) Sa” —17a+6
4 1167 -25b+6

(26) 5" +39m—8
(28) 7a° —23a-20

30y 12p° +5p -3
(32) 182" +37z+15

(34) 6a” +21la —-45
(36) —86* —2b+3

(38) 16x° —8x+1
(40) 25x” —20x +4

(42) 64— 9x*
(44) 108 — 75x°
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CHAPTER 9

ALGEBRAIC FRACTIONS

Simplication_ of fractions

A fraction can be simplified if the numerator and denominator have factors in common.
2w(x - y)

4v(x - y)

The numerator and denominator have the common factor 2 and (x - y). To simplify

the fraction, divide the numerator and denominator by 2{x— y)}.

For example, consider the expression

Thus —_2w(x—y) .
4(x-y) 2v

To find common factors, it is often necessary to factorise the numerator and
denominator where possibie.

Example Simplify the following expressions:

3x' -3 : x-3 4a° -9
@ — O T ©
6xy — 6y x'—5x+6 2a”=1la+12
. 2 _ 3 .
Solutions (a) 3 3x): = A{x-y)
6xy—6y°  6y(x~y)
= Ei [dividing top and bottom by 3(x - y) ]
y :
x-3 x-3
(b)

¥ 5046 (x-3)x-2)

x-2
(c) Factorise the numerator using ‘the difference of two squares’

4a’ -9 _ (2a-3)(2a+3)
20° ~1la+12  (2a-3)a—4)
_2a+3
a-4

You should now attempt questions I to 9 of exercise 9 on page 49.
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1 1

—x*--x
Example Simplify H—
5 Xy = 3 Y
Solution Firstly, remove the fractions which appear in the numerator and

denominator of the expression. This may be done as follows:
(i) Find the LCM of the denominators of the fractions

111 % The LCM of 4,3,2 and 3 is 12.

47372
(i)  Multiply the numerator and denominator of the expression by 12.
1.1, 12[1353 Ly
4 3 4 3

2xy 3y

Thus -

12x1x2—12><1x
4 3

1 2
12x—xy—-12x—
2 Y 3y

3 3x? —~4x
~ 6xy-8y
B x(3x—4)
2)(3x - 4)
_ X
T2y

You showld now attempt questions 10 to 14 of exercise 9 on page +49.

Multiplication

To multiply fractions, take the product of the numerators and the product of the
denominators.

Examples (a) 3><£— 3x5 _ 1
4 7 4x7 28
(b) a.c_axc_ac
b d bxd bd
3 2 3 2.3
© wixZ=t L =XV Ly
x 1 X X

2 2
a a_ a _a
d — | =—=x—=—=—
@ [35] 3 3b 9
You should now attempt questions 15 1o 24 of exercise 9 on page 49.
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Examples

_ 15 4 18 35 sa® 246
Simplify: a) —x— b —x— c X
plify @) 16 23 ®) 49 27 (© 8p* 254
Solutions (a) L4 = 15x4
16 25 16x25
Notice that the numerator and denominator have the factors 5 and
4 in common. To simplify the calculation, divide the numerator
and denominator by these factors. You may find the process of
cancelling helpful.
bx! 3x1
Thus x-4 =2X 3
16x *2b 4x5 20
18 35 *BxX’®
b) —xo=—IP
49 27 14977
= 2x5 . {dividing top and bottom by 9 and 7)
7x3
10
21

S50 24b°  '$xPUxaix b’

Cc = -
© T s T Tax B % B

B Ix3xb’

2

IxSxa

w
5t

You should now attempt questions 25 to 29 of exercise 9 on page 50.
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Division

To divide by a fraction, turn it upside down and multiply.

eg.

Exampies (a)

(b)

You should now attempt questions 30 to 36 of exercise 9 on page 50.

3 5 3 7

—_—t— = — X —

8 7 8 5
1

40

4@’ oo 42, 6a
b b 1
_da’ 1
) 6a®

_ 4d’

6a’h

Y

X+x-6_ x+3 x2+_r—6xx—2

3 "x-2 3 x+3

(x*+x-6)(x-2)
3(j1c+3)

_ (x+3)(x-2)(x-2)
3(x+3)

(58]

(x-2)
3
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Addition and subitraction

To add fractions with the same denominator, simply add their numerators.

+

5

7
3 X 3+x
2 + ) = 2

x“+1 x"+1 x"+1

~1| b
~1 | w

eg.

_ and

Subtraction of fractions with the same denominators is carried out by subtracting
their denominators.

4 B 31
2x—-3 2x-3 2x-3

Before fractions with different denominators can be added or subtracted, they
must be expressed as fractions with the same denominator. The best denominator
to choose is the lowest common multiple of the denominators of the individual
fractions; this is called the ‘lowest common denominator’(LCD).

5.
eg. (a)  the LCD of%and 5 1512

(b)  the LCD of 4 and is (x +1)(x+2)

x+1 X2

The following examples on lowest common multiples are intended to prepare you
for finding lowest denominators.

Examples Find the LCM of
(@  x°, xy, y
(b)  6x, 8(x—1)", 12x(x 1)

Solutions (a) Choose the highest powers of x and y appearing in the three terms
and multiply them together.
The LCM is therefore x*)°

(b) The lowest common mutiple of the numbers 6, 8 and 12 is 24.
The highest powers of x and (x —1) appearing are x and (x — 1)?
respectively.

The LCM is therefore 24x{x - 1)2 .

You should now attempt questions 37 to 41 of exercise 9 on page 50.
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The foilowing examples will prepare you for expressing fractions in terms of the
lowest common denominator, '

Examples Fill the blank in the statement:

dx _
3(x+2) 6(.&c—l)(x+2)2

Solution 6(x —1)(x+2)" is obtained by mutiplying the denominator 3(x +2) by

2x-1)(x+2).
Therefore, the numerator 4x must also be mutiplied by 2(x —1)(x +2).

Thus 4x :4x><2(x—1)(x+2)
Me+2)  (x-1)(x+2)
_ 8x(x—1)(x+2)

6(x - 1)(x + 2)2

You should now attempt questions 42 to 44 of exercise 9 on page 50.

2 5 2 1

Exampl Evaluat a — b 9—-3—
xamples valuate (a) 575 (b) 372

‘ 4 4 3

Simplify (c) —+3z (d) _—

_ xy x-5 x

Solutions (a) The LCM of 9 and 12 is 36

2,5 8. 1
9 12 36 36
23

36 -

(b) The integers and fractions can be subtracted separately,

Thus 93—3‘1:6+3—l
3 4 3 4
:6+i—i
12 12

—6>

12
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4  3xyz

=4 —

Xy

_4+3xyz
xy

(d) TheLCMof x-5 and x is {x-5)x

You should now attempt questions 45 to 57 of exercise 9 on pages 50 and 51. -

Example

Solution

Before attempting to find the LCM of the denominators, factorise the

denominator x* +x -2
3 2x 3 2x
Fhus x+2 X tx-2 142 C(xr2)(x-1)
3(x~1)~2x
(x+2)(x-1)
3x—-3-2x
(x+2)(x-1)
x~3

(x+2)(x-1)

You should now attempt questions 58 to 60 of exercise 9 on page 51.
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4 4 3

© —+3z=—42
xy xy 1

N 4 313/2

w xy

_4+3xyz
xy

(d) TheLCMof x-5 and x is (x—5)x

_4x-3{x )

(x—S)x

_Ax-3x+15
(x—5)x

x+15
(x—S)x

You should now attempt questions 43 fo 57 of exercise 9 on pages 50 and 51.

.3 2x

Example Simplify -—
x+2 x"+x-2

Before attempting to find the LCM of the denominators, factorise the

denominator x* +x—2
Thus 3 2x _ 3 _ 2x
x+2 xX+x-2 x+2 (x+2)(x-1)
C3{x-1)-2x
_(x+2)(x—l)
_ 3x-3-2x
_(x+2)(x—1)

x—3

(x+2)( ~1)

Solutrion

You should now attempt questions 58 to 60 of exercise 9 on page 51.
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Exercise 9

All numerical exercises should be carried out without the use of a calculator.

Simplify :

2a+4b
6a+12b
2abc —8ab
6a’c +24a’
9y° ~16
3yt +y-4

1

(7)

Now turn to page 43.
Simplify :

T XY
x(a-2)

dx -1
2x+3-2

(10)

(13)

Now return fo page 43.

Simplify:

' 4 5
15 —><—
(15) 5

a
18) —x—
( ) “x &

Q1) (x~1)" x

(23) [ 4})2}

Now turn fo page 44.

(x-1)’

2

24 Y
e

49

x* - 9a® +18ab’
2 S
( ) (3) 12a%h + 24b°
2x~3- 3x? +10x -8
&) ——- 6 —V————
2x° +5x-12 3x  +14x+8
a’ —4b* 16x% +24xy +9y°
§ =L (g o T
a’ —4ab+4b [6x" -9y
1 -5 [ _t
a1 2= “( ) (12) _——»4" ¥=2
x* 25 1x?+3x+2
95
(14) gig
(16) —x% (17) 3x—=x—
3n
(19) 3abxﬁ @20) 2 203
2v xy”
@) a'“+afb>< c
b ac+be



Simplify

14 20
25y — x—
( )25 21
l6a> 81b°

28
@8) 0 40a”

Now turn fo page 43.

Simplify:

3
30) —+4
( )8
(33) 2L L

Srs 1557

2
(36) X +4x+3+x+1

5 10

Now turn 1o page 46.

1 3
26) 4—x3—
(26) %33

30x*y y 22z

29
29) 1122 45x7y°

7 21
31) —+—
S 8 40

(34) x(3-x)~+ ——41

Find the L.C. M. of the following !

(37) 3x ,4x
(40) (a~0)",(a~b)

Turn to page 47.

(38) 3ab , 4bc , bac

@1) (x+3)",(x+3),(x-1)

Fill the blanks in the following :

3
2 8y

Return to page 47.
Simplify
1

3
45) —+—
“3) 15+ 3

1 .3
48) 16—-3—
(48) 5 7

(51) 3x+—1—
x

(54) é(x +2) —%(Zx -1)

4
43 =30

5 2
46) > -=
()8 5

1 1
(49) —+—
p 4q

a ¢
52) —+—
(52) 3+

50

4
27 —Exléx29
64 25 63

3 1
32) 3—+2—
(32) 5 4

1 1
35) —— i
( )a2—52 a-b

39) 5p°¢°,10pq* . 2p"q’
p

2x-1 _
x+1  3x*(x+1)

(44)

2 3
47) 8—+5—
(47) 8B +57

1 1
50) ———
( ~) 3x  S5x

]

X
53) —+
()3 4




2 (56) 4

(y+1f y+1

x+2 x+3

(%)

Return to page 48.

Simplify :
5x 2
88 ——
- 2
60) — —— ——— -
( )zz+3z—10 245z z°-2z

2 1

= +—

STy —3~
( )(r+2)“ t+2 3t-1

4y 3

—_—

(59—t
Yy +2y+1 y+l

.51.







Exercise 6

Exercise 8

(1) (x+4)(x+2)
(#)(z+18)(z+2)
(7) (m=2)(m-7)
(10) (y+3)(y-4)

ANSWERS

1_a:£ 2.b=£‘ 3. h= V-,
m da me
4.x=yb ST:E '6.f:g-
R j
7.4=% 8 a=" " 9, x=L "1
cz H 2a
10. g= V- 11, mv_pf
JZ m
2 r 2 2{x — ut
12 cosA—b te —a 13. x =n(y - m) 14. a = (xju)
2bc t
15, h= 227" 16. 4 = 2= 17. 1= 277
mr ayv
4 1 a2 2 _ 2
18, r = P~ 19. w = r-r 20.h=av—
‘ : 4 mr 6
: : m—n)
2. 1= 8L 2. g=L 2. = ")
47° MhT-
24, y=""22
Exercise 7
1. 5(x+5) 2. 4(3x -4y} 3. pla+b) 4. 3(3a +4b - 5¢)
5. x(5x - 12) 6. ¥(6y* +7) 7. 5x 8. 4x’
9. a*he’ 10. 4x° 11. 9x(2x - 3) 12. 2pq°(2g-3)
13. 3x(x* —2x+4) 14, 4a(6b> +2¢* - d"
) ki 5 *
15. 3ab(2b‘ - 3c¢” +bc) 16, P = A4+50 17. m= qF’
24-3 vo—rg
2 M?* +n’
8. x= |- 19. x =2 % 20.g:p(—q—,—)
y+d -z~ M —m

3) (y+6)(y+3)
(6) (a-6)(a-2)
(9) (x+5)(x-3

(12) (w—6)(w+3)




[

(37) (3x+5)
(40 (5x—2)
(43) 2(2x +5)(2x - 5)

Exercise 9
1 X 3a
(L 3 2) 5 3 "y
3x-2 3y—-4 a+2b
© 3x+2 ™ y-1 ®) -2b
3(x —4) 2x +1
D 5 ( w5 (x+3) ®) =5
2a°
(16) § (17) E (18) e
a 2
(22) E (23) 16y -
‘ 7 6b
(26) 15 27 —4—5 (28) —_—
(31) 1% (32) 1E (33)-~——
3 5 p
(36) 2(x+3) (37) 12x (38) 12abc
41) (x+3)*(x-1) (42) 12xy
(45) —li (46) —9— (47) 14i
20 15
2 3x? 41 ad +bc
(50) ——x (51) (52) I
2-2y x+6
55y — = (56) ——————
( )(y+1) ( )(x+2)(x+3)
Ty+3 3
59 60
) ¢ (y+1) (60) z(z+5)

27!:1
4x’z

(29)

(34) 4x
(39) 10p°¢"

(43) 8x(x-1)
27
48) 7L
(48) 35
Tx+3
12

7-31-5°

(33)

(57)

(1+2)(3t-1) |

(15) (x +12)(x + 5)
(18) (11y+6){y +1)
(21) (3x-5)(x~1)

(24) (116-3)(6-2)

1+ 8) @7) (3z+1)(z-5)
(30) (3p-1)(4p+3)
(33) 4(x-5)(x—-4)
(36) (4b+3)(1-2b)
(39) (6x+1)"

(42) (8+3x)(8- 3x)

(5) _1_

1
()(

(15) 2—0

~b)

yp?

(20) »

: 8
(25) 75

3
(30) Y
1
(35) Py
(40) {a—b)’

(44) 3x*(2x-1)
q+p

(49)

11-7x
15
3

x—3

(34)




Solving Quadratics by Formula,

x=-b+ Vb?-dac

2a

A).  Solve, with the above formula, the quadratics which are in the form ax® + bx + c.
These quadratics will factorise so you can use this as a check,

1).
4y,
7.
10).
13).
16).

X2+5x+6=0
x2-6x+5=0
23%+5x+3=0
3x2-5x-2=0
6x%-11x-10=0
6x2+13x+6=0

2).
5).
8).
11).
14).
17).

%2-5x+4=0
xX+2x-8=0
2x2+5x-3=0
6x24+7x+2=0
5x2-3x-2=0
5%2+6x+1=0

3).
6).
9).
12).
15).
18).

x2-4%x-5=0
x2-10x+21=0
3x2-4x +1=0
3x%-13x-10=0
42+ Tx-2=0
8x2-6x+1=0

B).  Solve the following quadratics using the above formula to 2 decimal places.

1).
4).

7.

10).
13).
16).
19).
22).
25).
28).

C).  Simplify and solve the following quadratics to 2 decimal places.

1.

4).
7.

10).
13).
16).
19).
22).

X2+ 6x+4=0
x*-10x+8=0
2x%-5x-4=0
2x2-3x-1=0
5x24+x%x-2=0
3y?+ 6y-7=0
bi+2b-5=0
3wi-5w-8=0 .
Sk*+9%k+2=0
232+ Tx-3=0

%2+ 10x=5
4¢2+9c =3
4x2+3x =5
3x2=7x-3
2x2=Tx+3
5%x2-2=06x
6x + 3 = 5x*
8x=3x2+2

2).
5).

8).

11).
14).
17).
20).
23).
26).
29).

2).
5).
8).
).
14).
17).
20).
23).

X +5x+3=0

X+ 12x+10=0
2x*+9x +3=0
5+ 09x+2=0
5x2+8x+2=0

4p?+Tp-6=0

q*-15g+8=0

2x2+ 11x+8=0 -

+3x+1=0
3x2-5x-3=0

2x*+5=9x
2xt-x =7
5x2="Tx -1
x-8x=7
4x?-9x =3
5-T7x=2x?
2=5x%+ 8x
16x =4%x* +3

3).

6).

9).

12).
15).
18).
21).
24).
27).
30).

3).
6).

9).

12).
15).
18).
21).
24).

D).  Simplify and solve the following quadratics to 2 decimal places.

1.
4),

7.

10).
13).
16).
19).

Level 9/10 Pack 2. Page 43,

xx-2)=5
(x+Dx-1)=1

T(2x-5)(x+3)=8

Zx(x+4)=1

S5x(x +3)=3(8x - 1)

4 = 5x(4 - 5x)
X(x +4) = 6(x + 4)

Licensed to Queen Elizabeth's Grammar School

2).
5).

8).

11).
14).
17).
20).

2x(x+3)+3=0
X+ D{x-5=3
3x(x-1)=5
Ix(x-2)=2
x+3)x+1)=4
5x-3)3x+1)=1

3).
6).
9).
12).
15).
18).

22x + D2+ 502x+ 1) =1

x24+2x-5=0
X+T7x+4=0
3+ 7x+3=0
3x2+2x-3=0
2x2-11x+7 =0
Sa?+9a+2=0
242-t-4=0
Ir2+8r+3=0
x2-2x-4=0
5x24+3x-3=0

2k% + 4k = 3
x?+6=8x
3x2 4+ 5=9x
X2+ 5x=2
x*=8x-11
14x = 3x%+ 8
12x = 3x% + 10
2x2=7x-3

(x-2)(x-4)y=5
(Zx+ Dx-1)=1
(x+3)2=2
xx+8)=2x+1
(x-3)(2x-5)=2

5x(2x -3)=7(3 - 2x)

help@wwv.10ticks.co.uk




Completing the Square.

Solve the equations.
eg. (f-3%=9, square root both sides,
f-3=%3,
so f=3+3=6 or -3+3=0.

1). x:=64 2).  d*=100 3).  x2=49 4. k=10
5. (c-27=9 6. (-7?=4 7). (x+3P=4 8). (p+2)=25
9). (x-12=2 10). (q+42=3 11). (w-32=5 12). (a+2)°=2
13). (-67=36 14). (c-42=10 15). x+3?=49 16). (m-1)?=7
17).  (t-82=3 18). (y+7?=6 19). (+9?=3 20). (c+10)=8

B).  Expand the brackets. The expressions are all perfect squares.

).  (x+4y 2).  (a-6)p 3).  (r+ TP 4).  (e-50
5).  (p-3) 6).  (t+2)7 . (b-8) 8). (c-9)
9.  (k-12) 10y, (u+ 110

C).  Add the term that will make each expression a perfect square, then factorise it.

To find the number we halve the coefficient of x and then square it.
x%+6x Halve 6 and then square it.i.¢. 9.

Therefore we have x*+06x+9 = (x+ 37

e.g.

). a*+8a 2). b+ 10b 3). ¢t -4c 4). d?- 6d
5. x?+ 5% 6). y% -3y 7. 72 -7z 8). m? + 2m
9. n*-n 10). n®-12n 11). x2+9x 12). K+ 11k
13). b*-13b 14). vi-1v 15). 7#+1j
2 4
D).  Solve these equations by completing the square. (Some will factorise, use this as a check).
e.g. x*-8x+3=0,
x?- 8x=-3, Add 16 to both sides to complete the square.
x2-8x+16=13,
(x-4)t=13,
Therefore x-4=%+13,
x=4+v13, x=039%0rx=7.61(2dp)
1). a*+4a-21=0 2). b*-b-12=0 3). n*+4n+4=0
4)., d#-5d+6=0 5). gi+5g+4=0 6). x2-10x+25=0
7). ¢*+10g+22=0 2). 2-6t+9=0 9. mP+ém+7=0
10). y*-3y+1=0 11). d*+2d-2=0 12). x%-4x-2=0
13). kK2-5k+2=0 14). £-f-1=0 15, x*+3x-2=0

16). p?-10p+15=0 17). v?+9v+19=0 18), u*-14u-3=0

E).  Solve these equations by completing the square. (Some will factorise, use this as a check).

. c+2=3 2. d&-4d=5 3). x2-3x=2 4). x>-2x=4
5. y+2y=1 6). h+6h=5 7). nm-2m=2 8). P-df=-1

9). wi-8w =-1310). d?+6d =-7 11). e =6e-4 12). £ =11-4f
13). ?=-4j-2 14). n*=2n+1 15). W=h+5 16). d*=12d-35

17). h*+h=8 18). e*-6e-3=019). xX*+5x=15 20). e*=3e+Il

Level 9/10 Pack 2. Page 41. Licensed to Queen Elizabeth's Grammar School help @www.10tcks.co.uk



Page 41.
5).
N

5).
9),

7)

4,
7).

10).
13).
16).

E. 1.
5).
9)

Page 43.

A. 1).
5).
9.

13).
17).

5).
9

5.
9

s).
9)

13.).
7).

13).

13).
__17).

13).
17).
21).
25).
29).

13).
17).
21).

13.).
17).

Completing the Square.

+8 2),
5,-1 6).
041,241  10).
12,0 14).
973,627  18),
x*+8x+ 16 2).
PP -6p+9  6).
K2 - 24k + 144 10),
16 2). 25
1225 8). 1
4225 14). 1/16
3,7 2).
2,3 5.
327,-673  8).
2.62,0.38 11).
456,044 143.
8.16,1.84  17).
1,-3 2).
041,-24] 6).
5.73,2.27 10).
-0.59,-341  14),
2.37,-3.37 18).

+10

9,5
-5.73,-2.27
7.16,0.84
-4.55,-945
a’-12a+ 36
t2+4t+4

3).
7.

1),
15).
19).

3).
7).

u? +22u + 121

3). 4
9). 1/4
15).  1/64
4,-3

-4, -1

3,3

0.73,-2.73
1.62,-0.62
-3.38,-5.62
5,-1

0.74,-6.74
-1.59, -4.41
241,-041
6.46,-0.46

Solving Quadratics by Formula.

2,3
2,-4
1,033
25,067
0.2,-1
0.76,-5.24
-0.9,-11.1
0.57,-1.77
0.54,-0.74
0.63,-2.38
1.69,-1.19
0.26,-1.54
2.14,-0.47
0.48,-10.48
214, -1.64
2.26,0.74
3.89,-0.39
0.61,-4.11
2.82,1.18
3.45,-1.45
5.46,-1.46
159, -4.41
1.36,0.44
04,067

2.
6).
10).
14).
18).
2).
6).
10).
14).
18).
22).
26).
30).
2).
6).
10).
14).
18).
22).,
2).
6).
10).
14).

18).

4,1
7,3
2,-033
1,-04
05,025
07,-4.3
-0.63,-637
1.78,-0.28
-031,-129
026, -1.54
2.67,-1.0
-0.38,-2.62
0.53,-1.13
3.85,0.65
7.16,0.84
1.77,0.57
2.54,-0.29
4,0.67
2.39,0.28
-0.63,-2.37
128,-0.78
0.12,-4.12
0.24,-4.24
1.5,-14

4).

10).

3).
6).
9).

12).
15).
18).

3).
7.
11).

15).

19}).

3).
7

3).

7)

3).
7)

3).
7.

11).
15).
19).

11.).
15).

11).
15).
19).
23).
27).

1.
15).
19).
23).

+7

-5,-1
524,076
4,-10
-1.27,-10.73
r? + 14r + 49
b?- 16b + 64

9 5).
36 11).

-2,-2
5,5
-1.39,-441

445,-045
0.56,-3.56
14.21,-0.21
2,1
2.73,-073
5.24,0.76
2.79,-1.79
2.11,-7.11

5,-1
-1,-1.5
-0.5,-0.67
0.25,-2

1.45,-3.45
3.14,-0.64
-0.26,-1.54
477,0.73

1.45,-3.45
-0.86, -4.64
3.24,-124

0.58,-2.58
0.80, -1.55
8.80,-0.80
6.24,1.76
1.58,-0.38
3.80,0.20
5.45,0.55
-3.15,3.65
2.29,-0.29
378,1.72
6, -4

4).
8).
12).
16).
20).
4y,
8).

6.25
20.25

4.
8).

12).
16).
20).

4),
8).

12).
16).

4.
8).

12).
16).
20).
24).
28).

4).
8).

12).
16).
20).
24).
4.

8).

12).
16).
20).

+3.16

3,-7
-0.59,-341
3.65,-1.65
-7.17,-12.83
e?- 10e + 25
c?-18¢c + 8l

6). 225
12). 3025

3.24,-1.24
373,027
1.87,-5.87
7,5
5.14,-2.14

5,1
0.5,-3
5,-0.67
-0.67,-1.5

9.12,0.88
-0.36,-4.14
0.72,-1.39
(.83,-2.83
14.45,0.55
-045,-222
0.39,-3.89

0.29,-2.54
1.24,0.16
0.37,-537
1.47,-027
0.22,-1.82
3,05
1.41,-141
1.88,-0.88
0.16,-6.16
04,04
-1.84,-0.41
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Sine and Cosine Rules

In the triangle ABC, the side opposite angle A has
length a, the side opposite angle B has length b and
the side opposite angle C has length ¢ b

The sine rule states

sinA _sinB _ sinC a
a b c

Proof of Sine Rule

If you construct the perpendicular from vertex A to
meet side CB at N, then

AN =¢sinB  (from A ABN)
=bsinC (fromA ACN)

Hence

csinB = bsinC = ﬂ;l?’_ = sinC

c

similarly for

The cosine rule states

a® = b+ ¢t = 2bccos A
b =c?+ @’ = 2cacosB

¢’ =a'+b*-2abcosC

Proof of Cosine Rule

IfCN = x, then NB=a — x and
c* =ANZ+(a—x)2 when x = CN

=(bsinC)* + (a - beosC)?, since x =beosC

=b*sin*C + b cos* C— 2abeosC + a?

= b?(sin2 €+ cos’C) + a* - 2abeosC

ie. c* =b+a’-2abcosC, since sin®C +cos’C=1

142




T 3

MEP Pupil Text 4

B
Worked Example 1
Find the unknown angles and side length of the
triangle shown.
2.l em 3.5cm

Solution
Using the sine rule,

sin A _ sin 70° _ sinB c 70 A

2.1 3.5 b b
From the first equality,
H o
GinA = 2EXsin?0® o ooan
3.5
A =34.32°

Since angles in a triangle add up to 180°,
B =180°-70°- A = 75.68°

From the sine rule,
sin70° _ sinB

3.5 b

b = 3.5%xsinB
sin70°

_ 3.5%5in75.68°
sin 70°

=3.6lcm

Worked Example 2

Find two solutiens for the unknown angles and
side of the triangle shown.

Solution
Using the sine rule,
sinA _ sinB _ sin42° 3 em
a 6 5
From the second equality,
H o
sinB = SX5142° 6 en30 A
5 6¢m

A graph of sinx shows that between 0° and 180° there are two solutions for B.

0.8030 “0@0\

| S—
o
<
Y
"
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These solutions are B = 53.4[° and, by symmetry, B =180 — 53.41
= 126.59°
Solving for angle A we have
A =180°-42°-B
when B =53.41° A =84,59°
when B =12659° A =1141°

From the sine rule,
6 xsinA
a=——-"
sinB
For A =284.59° B=35341° a=744cm
For A=11.41° B=12659° a=148cm

Worked Example 3
Find the unknown side and angles of the triangle
shown.
Solution
To find a, use the cosine rule:
a® =377+ 4.9~ 2% 3.7 x 4.9 X cos65°
4.9 c
a® =22.3759
a =493 (to2d.p.)
To find the angles, use the sine rule:

§in65° _ sinB _ sinC

a 49 37
M Q M Q
GnB = 4.9 ¥ sin 65 _ 4.9 X sin65 - 0.9389
a 4,73
B =69.86°

4 [s] H Q
GnC = 3.7 xsin65 _ 3.7 X sinG5 — 07090

a 4.73
C =4515° (altematively, use A + B+ C =180° to find C)

Checking, A + B+ C = 05°4 69.86°+ 45.15°=180.01°. The threc angles should add to

180°; the extra 0.01° is due to rounding errors.

Exercises

1. For each of the triangles, find the unknown angle marked &.

(a) (b)
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(c)

(d) A

For each of the triangles, find the unknown angles and sides.

(a) by A
14.9
b
110° 3
C 5.4
© (@) ¢
b 5.2¢m
a
‘ A
B B . 6.1 cm
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4. Which of the following triangles could have nvo solutions?
(a) (b &
ﬁ& 35.8
87 17.9
{c) 11 (d)
[1.4
@ 12
10

Find the remaining angles and sides of the triangle ABC if A =67° a =125 and
¢ =100,

Find the remaining angles and sides of the triangle ABCif B =81° b =12 and
=11

For each of the following triangles, find the unknown angles and sides.

(b)
B
a
. 3
150
A 15 c
3
(c) B (&) A
) § /A\
A B C
112
43 c
A
(e) () 4.7
A C
30
8.9 b 6.1
4
55
B c
93 B
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12. (a) Calculate the length KB. X
()  Calculate the size of the angle NKB.
(LON) 14 cm
N
21 em
‘ B

Nottingham
13, Nottingham is 40 km due north of Leicester. ‘T
Swadlincote is 32 km from Leicester and 35 Nor
km from Nottingham. Calculate the bearing 35km e
of Swadlincote from Leicester. [
(MEG)
Swadlincote 40 km
32 km
r
Leicester

14, Intriangle ABC, AC =12.6cm,
BC=112cm and angle B = 54°. The
lengths AC and BC are cowrect to the
nearest millimetre and angle B is correct
to the nearest degree. Use the sine rule

sin A _ sinB
a b
to calculate the smallest possible value of
angle A,
(MEG)

15.  The banks of a river are straight and
parallel. To find the width of the river,
two points, A and B, are chosen 50 metres
apart, The angles made with a tree at C on
the opposite bank are measured as angle
CAB=1506° angle CBA=40° Calculate
the width of the river.

(SEG)
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16, Intriangle ABC, AC=7.6 cm, angle
BAC =35°, angle ACB=65°. The

length of AB is x cm. The size of angle
ABCis 8°.
35°

(a) Write down the value of 8. 760m S
(b) Hence calculate the value of x.
(NEAB)
o
Angles Larger than 90
The x - y plane is divided into four quadrants by f’
the x and y axes. The angle 0 that a line OP }
makes with the positive x-axis lies between 0° SECOND FIRST _sP
and 360°,
o e

THIRD FOURTH

Angles between O and 90° ave in the first quadrant.
Angles between  90° and 180° are in the second quadrant.
Angles between 180° and 270° are in the third quadrant.

Angles between  270° and 360° are in the forrth quadrant.

Angles bigger than 360° can be reduced to lie between 0° and 360° by subtracting
multipies of 360°.

Lol

The trigonometric formulae, cos@and sind, are
defined for all angles between 0° and 360° as the 2

coordinates of a point, P, where OP is a line of P 1
length 1, making an angle € with the positive \

X-axIs.

k
b3

Information

The Greeks, (in thelr analysis of the arcs of circles) were the first to establish the relation-

ships or ratios between the sides and the angles of a right angled triangle.

The Chinese also recognised the ratios of sides in a right angled triangle and some
survey problems involving such ratios were quoted in Zhou Bi Suan Jing.
It is interesting to note that sound waves are related to the sine curve, This discovery by

Toseph Fourler, a French mathematician, is the essence of the electronic musical instru-
ment developments today.
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Some important values of sin@, cos@ and tan@ are shown in this table.

7] sin@ cos8 tan 8
0° 0 | 0
1 3 1
30° - —_— —_
2 2 A3
l 1
45° — —_ 1
V2 V2
NE) 1
60° — — 3
2 2 J_
on° 1 0 infinite

The graphs of sin@ and cos® for any angle are shown in the following diagrams.

y =sin8

[ 1 [ | - N T //:\r\ | 71 *
-360° -270° y 90 ! 90" 180°  270°  360° 450" S40° 6307 720° \ ¢
_______ — - = ___[_~|____,_¥/_______._,.uv_____ﬁﬂg_.___
The graphs are examples of periodic functions. Each basic pattern repeats itself every

360° We say that the period is 360°.

Sin 8and cos@ are often called sinusoidal functions.

Note i

For any angle, note that
sin (8 — 90°) = cos6.

S
<
CD‘

The graph of tan @ has period 180°.

It is an example of a discontinuous
graph.
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The trigonometric equations sin@ = @, cosf = b and tan@ = ¢ can have many
solutions. The inverse trigonometric keys on a calculator (sin™', cos™ tan™"), give the
principal value solution.

For sin8 = aand tan8 = ¢, the principal value solution is in the range

-90° < 8 £ 90°.

For cos@ = b, the principal value solution is in the range 0 < 8 < 180°.

Worked Example 1
Sketch a graph of sin@ for 0 <6 <360°. From the graph, deduce the values of
sin150°, sin215°, sin300°.

Solution )

A sketeh of the graph of sin@ locks like this.
215" 300° 360°

i
E N I 6
180° 1

{
|
!
l 90

From the symmetry of the curve we can deduce that

sin[50° =sin30°= i
2 3
0
sinl80° =0
Y
§in215° =—sin45°=——1— -
2 =/
215"
jl»“” \ﬁl alilv)
i
¥
e
5in300° = —sin60° = ~§ z !
- 300°
60"’ 160 -0
Y. O . -
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Worked Example 3

If cosf = —%. how many values of the angle @ are possible for 0 < 0 <720°7

Find these values for 6.

Solution

A graph of cos8 shows that there are four possible values for 8.

L - T | /:
z 1 !
:lfo'l ] y I [

Using the symmetry of the graph, the values of 8 are
g = 120°, 240°, 480° 600°

The sotution in the range 0 < 6 < 180°, 8 = 120°, is called the principal value.

Worked Example 4

Use a calculator to solve the equation sinf = -0.2.

Sketch the sine graph to show this solution. Give the principal value solution.

Solution

Using the sin~' key on a calculator gives
' 6 =sin~' (-0.2) = -11.537°

A sketch of the graph of sin@ shows why @ is negative.

| "UI/\\/ B

The principal value solution is ~11.537°,
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Worked Example 5

An angle 0 is such that cos@ = —0.6, sinf =-0.8 and 0 <8 < 360°.
Deduce in which quadrant the angle lies,

{a)  from the graphs of sin@and cos@, and

Hence, using a calculator, find the value of 6.

Solution

(a)  The fallowing graphs show the possible solutions for 8 between 0° and 360°.

y cosd = -0.6 ‘)" sin@ =-0.8

Principal
Value

From the graphs we deduce that the value of 8 for which cosf = -0.6 and
sin@ = - 0.8 must lie between [80° and 270°, i.e. at point B on the cosine curve

and at point C on the sine curve.

The cos™ and sin™' keys on a calculator give the principal values
6 = cos™ (-0.6) = 126.87°
8 =sin”' (-0.8) = -53.13°

From the graph of sin g, for point C we deduce that
6 = 180° + 53.13°
233.13°

[
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Exercises

Sketch graphs of sin# and cos8 for 0 <8 <720, Without using a calculator, use
the symmetry of the graphs to find the values of the sin@and cos@ in problem 1.

Now check your answers with a calculator.

Use a calculator to find the values of the following., In each case show the angwer
on sketch graphs of sin@ or cos@.

(a) sinl30° (b)  sin235° (¢) sin310°
{(d) sind00° (e)  sin830° () sinl310°
(g) cosl70° (hy  cos190° (i) cos 255°
(i)  cos350° (k) cos765° (O cos 940°

Sketch a graph of y =sin@ for -360° <60 <720°. For this domain of 8, how
1

R

many solutions are there of the equation sinf = ok

Use the symumetry of the graph to deduce these solutions. What is the priucipal

value?

Sketch a graph of y =cos8 for —-360° <8 < 720°. For this domain of &, how

many solutions are there of the equation cos8 = 5?

Use the symmetry of the graph to deduce these solutions. What is the principal
value?

Using a calculator and sketch graphs, find all the solutions of the following
equations for —360 <8 < 360°.

(a) sing@=07 (b sin@=-04 (¢) sin@=-1
(d) cos@=0.0 (&) cos@=-04 (Hh cos8=-1

Use a calculator and a sketch graph of y =tan8 to solve the equation for
0=0<720°.
{a) tanf =0.25 (by tan@=1 (c) tan@=-0.35
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In each of the following problems find the value of & in the range 0 to 360° that
satisfies both equations.

(a) cos8 =06 and sinf =-0.8

(by cos8=-0.8 and sinf = 0.6

() sing =-0.06428 and cos@ =-0.7660 (each correct to 4 d.p.)
(d) sin8=-1 and cos@ =0

Use a graphic calculator or computer software for this problem.

{a) Draw agraphof y=sin2x for values of x between —360° and 360°.

(b)  Compare your graph with y =sinx. What is the period of the function

sin2x?
(c)  Repeat parts (2) and (b) for y =sin3x and y =sin%x.

(d)  Use your answers to sketch a graph of y =sinax.
() Drawa graph of y=2sinx for values of x between ~360° and 360°,

What is the relationship between the graphs of y =2sinx and sinx?
()  Repeat part {e) for y =3sinx and ésinx.

(g)  Use youranswers in parts (e} and (f) to sketch a graph of bsinx.

(h)y  Sketch a graph of y =bsinax.

Find formuiae in terms of sine or cosine for the fo]lowing graphs.

T\ N\ 4/\/\/\
2R EAVARY

(c) y

ENANANYA A

ozj \/ "’ \/ \/ "OJJmm\/mso \/
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Draw graphs of the following.
(a) y=1+cosx (b y=3+cosx (c) y=cosx-—2

What is the relationship between these graphs and the graph of y = cosx?

At a time ¢ hours after midnight, the depth of water, &, in metres, in a harbour is

given by
d =8 + 5sin(30¢)°

Draw up a table to show the depth of water in the harbour on each hour of the day.

The mean monthly temperature in Crapstone, Devon, in August is 21°C and the

minimum temperature in February is 0°C. Assuming that the variation in
temperature is periodic satisfying a sine function, obtain a mathematical model to
represent the mean monthly temperature. Use your model to predict the mean
monthly temperature in June and January.

The variation in body temperature is an example of a biological process that
repeats itself approximately every 24 hours, and is called a circadian rhythm.

Body temperature is highest (98.9°C) around 5 pm (1700 hours) and lowest
{98.3°C) around 5 am (0500 hours). Let T'be the body temperature in °C and £ be
the time in hours.

(a)  Sketch a curve of the body temperature against time, using the given
information.

(b)  Choosing ¢ =0 sothat the model of temperature is a cosine function, find a
formula of the form that fils the given information,

This question is about angles between 0° and 360°.
{a)  Find the nvo solutions of the equation
cosx =05
{b) Angle p satisfies the equation
sinp =sin21Q°

Angle p is not equal to 210°.

Find the value of p.
(c)  Sketch the graph of y = Ssinx,
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(d)  Angle g is shown in the diagram.
90°

180" 9 0

270°

Angles ¢ and r are connected by the equation

tang = fanr

Copy the diagram and mark clearly the angle r.

(SEG)
16. (a) Sketch the graphs of y =cosx® onaxes similar to those below,
y
1
! 3 : : ¢ — ! > X
00 90 180 270 360 450
-1
(by  Use your calculator to find the value of x between 0 and 90 for which
cosx® = 0.5,
(c) Using your graph and the answer to part (b), find two more solutions
in the range —90 < x £ 450 for which cos x®=0.5.
(MEG)
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Copy each of the following graphs into your books and state the function.

Trigonometric Graphs 2.

Level 9/10 Pack 2. Page 19.

| 59

1). 2).
50 T AT Y B Y T A
o 3). 4,
1
) /\ /\ /\
50 200 '\ 250 3007 330 o o ‘ ,
50 00 150 [ 2000 " J250° | 3p0 1350
05l
90
-
.]J
[5). 6).
1
0.5
59 00 s 0y s 300 ) 350 s 100 130 200 250 300 330
0.5 05
-1 -1
1
7). 8).
1 I
0.5 05 /
B 100 150 7 200 250 300 350\ TTTETTTY0p T TS0 T 200 25 300 T 350
05 05
B -1
Licensed to Queen Elizabeth's Grammar School help@www.10licks.co.uk



Read the scales!

9. 10).
\ ) 06 )
.2 04
1 02
T50TTTYe0 150 200 2507 300 350 T T
R -0.2
-2 04
23 -0.6
11). 12).
f 1D J 12
2 4
1 2
50 160 [ 150 | 200]  [250 | 30¢ | 35 a 00 7150 ' 200 550
-1 -2
2 4
/
3 -6
i3). 14y,
3 ) /'\ 83 )
2 0.2
1 0.1
50 00 TS0 20 750 507000 T S0 T a0 250300 TS
N 0.1+
) 202l
1]
3 -o#
[ 15). 16).
§ ) , )]
4 2
2 1
50 100 150 200 250 300 350 50 100 150 200 250 300 50
2 -1
»y 5
-6 -3

Level 9/10 Pack 2. Page 20,
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60

help@www.10ticks.co.uk




4.8

4.9

MEP Pupil Text 1-6 Answers

Sine and Cosine Rules

1. (a) 51.6° (by 523° (c) 48.8° (d)y 694°  (e) 34.2° (f) 56.0°
{a) 543 (b) 9.05 (c) 6.01 (d) 30.13 (e) 9.84 & 477
3. (a) A=528° B=422° a=3.68
by A=199° B =50.1° b=12.16
(c) B=73° b=445 c=3.56
(dy A=44.2° B =506.8° a=433
4. (a) Yes (b) No, only one (c) No,impossible even forone  (d) Yes
5. B=656°, C=474°, b= 1236
6. A= 341", C= 649, a= 625
7. (a) B= 524° C=67.0°, a= 328 (b} B= 1251, C= 49, a= 17.66
(¢) A= 455, B= 1066, C= 279° |
(d) A= 120.5°, B= 369", C= 226
(e) b= 841, A= 06492 C= 60.08°
() c= 9.81, A= 2845, B= 2155
& (a) 2637m (b) 1929m
9. 2.65 miles
10, (a) 117.3° (by 10.2m
11. 47.96°
I2. (a) 23.35c¢m (b) 62.66°

13. 303.I°

14, 45,98 (if no allowance made for inaccurate measurements) or 46.87

15, 20.8m

16, (a) 80° (b) 6.99cm

Angles Larger than goe

3 i 1 1 1
I (a) - (b) "3 (c) Tz (d} - (e) 7z n -1
1 NE) ! . 3 1
(g 3 (h) - (i N )] -y k) -1 )] 3
3. (a) 0.766 (b) -0.819 () -0.766 (d) 0.643 (c) 0.940
() -0.766  (g) -0985  (h) —0.985 () -0259 () 0.985
(k) 0707 () -0.766
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6; -135°, -45°, 225, 315°, 585°, 675°

6:; -300°, -60°, 60°, 300°, 420°, 660°

(a) -315.6°, -224.4°, 44.4°, 1356°

(by -156.4°, -23.6°, 203.6°, 336.4° (c) -90°, 270°
(d) -306.9°, -53.1°, 53.I°, 306.9

(e) -2464°, -113.6°, [13.6°, 246.4° () -180°, 180°

(a) 14.0°, 194.0°, 374.0°, 554.0° (b) 45°, 225°, 405°,
(c) 153.4°, 3334°, 513.4°, 6934°

(@) 306.9° (b)) 143.0°  (¢) 220°  (d) 270°

(b) 180° (c) 120°, 720°
. {3x
(a) y= S5cosdx (b) y= 4dsin (*"?-'"J (c) y=02cos 10x
X
d} y= 0.7sinl =
(d) y sin [J

y= 10.5sin30(x—4)+10.5; 19.6 °C, 1.4°C
(b) T = 98.6+0.3 cos 15( —17)
(a) 60°, 300° (by 3307 (d) r=g+180°

(b) 60° (c) 300°, 420°

Trigonometric Graphs 2.
y = sinB 2). y = sin28 3). y = c0s26 4).
y = cos30 6). y=sin'.0 7. y = -sinf 8).

585°

y = 2co0s6 10). y=05sin6 1), y=2.5sin66 12).
y=3cos30  14). y=Ysin56 15). y=-dcos28 16).

277

y = sin69
y = '/,cos6

y =4c0s28
y =-2sin'/,0




